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Abstract 
 
We studied the self-diffusion of colloidal ellipsoids in a monolayer near a flat wall by 
video microscopy. The image processing algorithm can track the positions and 
orientations of ellipsoids with sub-pixel resolution. The translational and rotational 
diffusions were measured in both the lab frame and the body frame along the long and 
short axes. The long-time and short-time diffusion coefficients of translational and 
rotational motions were measured as functions of the particle concentration. We 
observed sub-diffusive behavior in the intermediate time regime due to the caging of 
neighboring particles. Both the beginning and the ending times of the intermediate 
regime exhibit power-law dependence on concentration. The long-time and short-time 
diffusion anisotropies change non-monotonically with concentration and reach 
minima in the semi-dilute regime because the motions along long axes are caged at 
lower concentrations than the motions along short axes. The effective diffusion 
coefficients change with time t as a linear function of (lnt)/t for the translational and 
rotational diffusions at various particle densities. This indicates that their relaxation 
functions decay according to 1/t which provides new challenges in theory. The effects 
of coupling between rotational and translational Brownian motions were 
demonstrated and the two time scales corresponding to anisotropic particle shape and 
anisotropic neighboring environment were measured. 
 
I. Introduction 
 
Particle diffusions at interfaces are of great importance in many biological and 
industrial processes, such as coatings [1, 2], catalysis [3], Pickering emulsions [4] and 
protein diffusion in membranes [5]. In most real processes, particles are not spheres. 
As a first-order approximation of non-spherical particles, rod-like particles or 
ellipsoids exhibit rich Brownian dynamics and phase behaviors. In the past, the aspect 
ratio and concentration effects of anisotropic particles have been measured using 
various experimental methods, such as depolarized dynamic light scattering [6], 
fluorescence recovery after photobleaching (FRAP) [7, 8], transient electric 
birefringence (TEB) [9, 10] and fluorescence correlation spectroscopy [11, 12] in 
three-dimensional (3D) suspensions. In two-dimensional (2D) suspensions, the aspect 
ratio and confinement effects have been investigated in the diffusions of single 
ellipsoids [13, 14], carbon nanotubes [15, 16] and actin filaments [17] between two 
walls. However, our understanding of the impact of concentration on the diffusions of 
anisotropic particles in 2D suspensions is far from sufficient, especially in the short-
time regime. To our knowledge, there is no systematic experimental study on the 
concentration dependence of the diffusion of non-spherical particles in 2D.  
 
In this paper, we investigate the Brownian motions of ellipsoids in a monolayer near a 
wall at different concentrations by digital video microscopy. Unlike other 
experimental techniques such as the dynamic light scattering [18-20] and nuclear 
magnetic resonance (NMR) [20, 21] which only yield information about ensemble 
averaged quantities, video microscopy reveals detailed single-particle dynamics. This 
technique has been used to measure the diffusions of ellipsoids in 2D [13, 14] and 
nanorods [15, 16, 22] at the infinite dilute limit. Here we developed an image analysis 
algorithm to track ellipsoids in a dense monolayer and studied their diffusions. 
 
The self-diffusion coefficient D is directly related to the drag coefficient γ via the 
Einstein relation 
BD k T γ= ,                                                                                                                 (1) 
where kB is the Boltzmann constant and T is the temperature. γ is sensitive to particle 
concentration, particle size, shape and interaction. The anisotropic particle shape leads 
to anisotropic drag coefficient. For a prolate ellipsoid with a long axis of length 2a 
and two short axes of length 2b, the translational diffusion is described by diffusion 
coefficients BD k T γ=? ? along the long axis and BD k T γ⊥ ⊥= along the short axes. 
The rotational diffusion coefficient about the short axis is BD k Tθ θγ= . The 
translational and rotational drag coefficients are  
, 6 bG ,γ πη⊥ =? ⊥? ,                                                                                                          (2a) 
6 VGθ θγ η= ,                                                                                                                (2b) 
where the volume  and G is the geometric factor characterizing the 
amount of deviation of the ellipsoid from a sphere. The geometric factors for a prolate 
ellipsoid diffusing in an unbounded static 3D fluid were analytically derived by F. 
Perrin, the son of J. Perrin [23-25]:  
24 /V abπ= 3
1
22
2 2 3/2 2
18 2 2 1 ln
3 1 ( 1) 1
a
p pp pG
p p p p
−⎡ ⎛ + −−⎢ ⎜= + ⎜ ⎟− −⎢ ⎥− −⎝ ⎠⎣ ⎦
⎤⎞⎥⎟ ,                                                                         (3a) 
12
2
2 2 3/2
8 2 3 ln( 1)
3 1 ( 1)b
p pG p
p p
p
−⎡ −= + + −⎢ − −⎣ ⎦
⎤⎥ ,                                                                           (3b) 
1
4 2
2
2
2 ( 1) 2 1 ln( 1)
3 1
p pG p p
p p
θ p
−⎡− −= +⎢⎢ ⎥−⎣ ⎦
⎤− − ⎥ ,                                                                         (3c) 
where p = a/b is the aspect ratio. 
 
As the area fraction, φ , of the particles increases, γ(φ) increases and D(φ) decreases 
from D(0) at infinite dilution to 0 at the solid phase. The diffusion of a particle at 
finite concentration is characterized by three time regimes, τB  t  τ? ? R, t ~ τR and t 
τ? R, due to the cage effect from its neighboring particles [26]. The Brownian 
relaxation time τB = m/(6πηR), where m is the particle mass, η  is the fluid viscosity 
and R is the radius of the particle. It characterizes the very short time scale from pre-
Brownian ballistic motion to Brownian diffusive motion. For our micrometer-sized 
ellipsoids, τB ~ 10-6 s.  τR  ≈ R2/(4D(0)) ≈ ab/(4D(0)) = 30 s is the time for a particle to 
diffuse a distance comparable to its size. It is an estimate of the time scale at which 
the cage effect and direct interactions with neighbors (mainly excluded volume effect 
for hard particles) become important. In the Brownian short-time regime τB  t ?  
τ
?
R, the motion is diffusive. The configuration of the suspension does not change 
significantly, thus the inter-particle interactions are the indirect hydrodynamic 
interactions transmitted by the fluids. At the intermediate time scale t ~ τR, the particle 
is caged by neighbors and experiences sub-diffusion. At long time t τ? R, the particle 
diffuses out of cages and the motions become diffusive again, albeit at a slower rate.  
 
The three time regimes can be resolved from the mean-square displacement (MSD), 
MSD = 〈∆r2(t)〉, where ∆r is the displacement of a particle during time t and  〈 〉 is the 
ensemble average. MSD increases linearly in the short-time regime (τB  t  τ? ? R), 
curves downward in the intermediate time regime (t ~ τR) due to the cage effect, and 
returns to a straight line but with a smaller slope in the long-time regime (t τ? R). The 
slope of the MSD is proportional to the diffusion coefficient  
where d is the dimension of the space. In the long- and short-time regimes, the 
motions are diffusive and the MSDs have constant slopes. We measured the diffusion 
coefficients ( ,
( ) / (2 )D t MSD d t= ∆ ∆
 ,  ,  )L L S ST TD D D Dθ θ  of ellipsoids in the lab frame, where the superscripts, 
L and S, represent long-time and short-time regimes and the subscripts, T and θ, 
represent translation and rotation respectively. We further projected the trajectories 
into each particle’s body frame and measured the diffusion coefficients 
|| ||( ,  ,  ,  
L L S S )D D D D⊥ ⊥  along the long (||) and short (⊥) axes. The diffusion anisotropy as 
characterized by D||/D⊥ and the translation-rotation coupling were measured and 
discussed. Although the MSD in each degree of freedom is not linear in the 
intermediate time regime, its corresponding effective diffusion coefficient 
 can be expressed as a linear function of (lnt)/t for spheres in 2D. 
Interestingly we found that such a linear relation still holds for ellipsoids, which 
indicates that the relaxation functions are inversely proportional to time and the 
diffusions are dominated by direct binary collisions in our measured density regime. 
( ) / (2 )D t MSD t=?
 
II. Materials and Methods 
 
The polymethyl methacrylate (PMMA) ellipsoids were synthesized through the 
method described in ref. [27]. Briefly, we added PMMA spheres into an aqueous 
polyvinyl alcohol (PVA) solution in a Petri dish. After water was evaporated at room 
temperature, the PVA film was stretched at 130ºC which is above the glass transition 
temperatures of PVA (Tg = 85ºC) and PMMA (Tg = 105ºC) so that the PMMA spheres 
could be deformed into ellipsoids. After cooling to room temperature, the PVA was 
dissolved in water and ellipsoids were obtained. The ellipsoids had 5.8% 
polydispersity with semi-long axis a = 5.9 ± 0.34 µm and semi-short axes b = c = 
0.65 ± 0.04 µm. The cleaned aqueous suspensions of ellipsoids were stabilized with 7 
mM sodium dodecyl sulfate (SDS). The ionic strength was more than 0.1 mM and the 
corresponding Debye screening length was less than 30 nm. Hence the ellipsoids can 
be considered as hard particles and double layers of counterions did not significantly 
affect their diffusions. The aqueous suspension of ellipsoids was enclosed in a 12 
15×  0.1 mm× 3 glass cell and sealed with epoxy glue. The bottom glass surface was 
coated with polydimethylsiloxane (PDMS) in order to avoid particles sticking to it. 
The ellipsoids were heavy enough to sediment on the bottom and the height 
fluctuation was very small. Therefore, the ellipsoids diffused in the two-dimensional 
horizontal plane near the bottom. The drag force imposed by the upper glass ceiling 
can be neglected [28] because the distance between the upper wall and ellipsoids was 
about 200b. The diffusions of ellipsoids were measured after the samples had been 
equilibrated for 6 hours. The motions of the ellipsoids were observed using an optical 
microscope with a 20  objective and recorded by a charge coupled device (CCD) 
camera at 15 frames per second for 60 minutes at each particle concentration. This 
frame rate and the measurement time enabled us to explore all the three time regimes 
for the ellipsoids. At different concentrations, several tens to several thousands of 
ellipsoids were uniformly distributed within the 640
×
× 480 pixels (1 pixel = 0.33 µm) 
field of view (see Fig. 1(a)). No drift flow was observed in the suspension during the 
one-hour experimental period at each concentration. All experiments were carried out 
at a room temperature of 23○C.  
 
We developed an image processing algorithm to track multiple ellipsoids in bright-
field images as shown in Fig. 1. The algorithm performed the following operations. 
First, it applied a spatial band-pass filter to remove the noises in the image [29], and 
then used the standard sphere-tracking algorithm in ref. [29] to identify the candidate 
positions of ellipsoids. However, one ellipsoid might be incorrectly tracked as 
multiple spheres, i.e. multiple candidate positions of the center of mass. So next, our 
algorithm removed the wrong candidate positions and roughly estimated the true 
position of each ellipsoid in a 4a × 4a area centered around each position. We created 
18 4a × 4a masks; each mask had an ellipse at the center with 18 different orientations: 
0º, 10º, 20º,…, 170º. We searched for the best match between the mask and the 4a × 
4a area around each candidate position of the ellipsoid by calculating the total 
brightness of (mask × area) for every mask, and adopted the largest value among the 
18 total brightnesses. If the largest total brightness was greater than a empirical 
critical value, it was considered as an ellipsoid. The angular accuracy was only about 
10º and the translational position was not very accurate either. Next, our algorithm 
tried to locate the exact position of the ellipsoid in the 4a × 4b area around the 
roughly estimated position previously obtained. The area was scanned pixel by pixel 
and 1º by 1º with a 4a × 4b mask. The total brightness of (mask × area) was calculated 
at each position and orientation. At the end, a parabolic fit was used to interpolate the 
position of the maximum brightness and obtain sub-pixel resolution. Figure 1(b) 
shows that all ellipsoids in the field of view can be captured well with our algorithm. 
The major tracking error was from the image distortion due to the small tumbling 
motions of ellipsoids. The orientational resolution was measured to be 1º and the 
spatial resolution was 0.7 µm along the long axis and 0.3 µm along the short axis from 
the intercepts of the corresponding translational and rotational MSDs at time t = 0 [13, 
29].  Note that in refs. [13, 14], we used the 2D Gaussian fit, a build-in function in 
Interactive Data Language (IDL), to identify the position and the orientation of a 
single ellipsoid. However this fit does not work for multiple ellipsoids in a single 
frame. The ellipsoid tracking algorithm proposed in ref. [30] can analyze multiple 
ellipsoids in 3D confocal images, while our algorithm can analyze less clear 2D 
bright-field images with sub-pixel resolution.  
 
                      
Figure 1. (a) A typical image of a monolayer of ellipsoids with the area fraction of 
0.29. (b) A typical particle-tracking result. The dotted blue elliptical contours 
represent the positions and orientations of the ellipsoids obtained from image analysis 
which coincide well with the white images of the real ellipsoids. 
 
III. Results and Discussions 
 
A. Static structures 
 
We measured the static structures and diffusions at 11 different area fractions ranging 
from 0.01 to 0.68 below the freezing point. The area fraction abφ π ρ= , where ρ is 
the number density averaged over all frames. The static structure of the monolayer 
can be characterized by the 2D angular correlation function 
2 ( ) cos(2[ (0) ( )])i jg r rθ θ= − ,                                                                                    (5) 
where θi is the orientation of the ellipsoid i, and r is the center-to-center distance 
between ellipsoids i and j. Figure 2 shows the angular correlation function at different 
area fractions. All the correlations decay exponentially, which characterizes the short-
range orientational order. The quasi-long-range order characterized by algebraic 
decay was not observed. For the highest concentration in Fig. 2, the correlation decays 
algebraically at r/2b < 4 and decreases more rapidly at larger distances. This is 
consistent with the observation that the dense suspensions were composed of nematic-
like domains with different orientations. The typical domain size is less than 20b. 
Within a domain, the ellipsoids are not completely parallel, but form branch-like 
structures. In contrast, granular spherocylinders with similar aspect ratios can easily 
form nematic phase in 2D [31], while granular and colloidal rectangles tend to form 
small nematic domains with tetratic order in 2D [31, 32], These results showed that 
the microscopic shape of particles can dramatically affect the mesoscopic structure 
[31]. φ = 0.68 is still in the liquid regime with nematic-like domains and particles can 
diffuse out of the cages of their neighbors. At further higher area fractions, the 
monolayer becomes glassy. Simulations have shown that there exists a nemetic phase 
between liquid and solid phases in 2D if the aspect ratio is large (p ≥  7 for hard rods 
[33] and p ≥  4 for hard ellipsoids [34]). However our ellipsoids with p = 9 changed 
from liquid to glassy solid with small polycrystal-like nematic domains rather than 
going through a well-ordered nematic phase. This polycrystal-like nematic structure is 
similar to the simulation results of the 2D hard rods of p = 5 [33] and 2D hard ellipses 
of p = 4 [34]. We attribute the absence of an ordered nematic phase to polydispersity. 
The 5.8% polydispersity of our ellipsoids induced more disordering in the packing so 
that the 2D nematic phase shifted to higher aspect ratios. 
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Figure 2. The angular correlation functions of the 2D ellipsoid suspensions at 
different area fractions. The distance r between two ellipsoids is scaled by 2b (bottom 
axis) and by 2a (top axis). 
2 ( )g r
 
B. Mean-square displacements (MSDs) 
 
The dynamic behaviors of ellipsoids in each degree of freedom were characterized by 
the corresponding MSDs. Here we only show MSD|| and MSD⊥ in the body frame 
because MSD in the lab frame is approximately the sum of them. Note that 
2 2 2 2 2
|| ||labMSD x y r r r MSD MSD⊥ ⊥= ∆ + ∆ = ∆ = ∆ + ∆ = +  at short times. In the 
long-time regime, the angle of each ellipsoid has been randomized so that 
||labMSD MSD MSD⊥= +  still holds (see ref. [8, 10]). To measure the MSDs in the 
body frame, we first projected the displacements (∆xn, ∆yn) between the n’th video 
frame and (n-1)’th video frame in the lab frame onto the body frame (∆an, ∆bn) [13] 
by 
cos sinn n n na x y nθ θ∆ = ∆ + ∆ ,                                                                                       (6a) 
sin cosn n n nb x y nθ θ∆ = −∆ + ∆ ,                                                                                    (6b) 
where ∆xn = xn - xn-1. Then we constructed the trajectory of each ellipsoid in its body 
frame by and ( ) n
n
a t a= ∆∑ ( ) n
n
b t b= ∆∑ . From the trajectories, we calculated MSDs 
along the long and the short axes for each ellipsoid and then obtained the ensemble 
averaged MSDs.  
 
Figures 3-5 show the MSDs for the translational motions along the long and short axes 
in the body frames, and for the rotational motions respectively. The three time 
regimes can be clearly resolved from the log-log plots in Figs. 3(b), 4(b) and 5(b). In 
the short- and long-time regimes, the two unit-slope lines on each curve in Figs. 3(b), 
4(b) and 5(b) indicate that 〈∆r2(t)〉 ~ t and the motions are diffusive. In the 
intermediate time regime, the slopes are less than one so that 〈∆r2(t)〉 ~ tβ with β < 1 
and the motions are sub-diffusive due to the cage effect. Figs. 3(b), 4(b) and 5(b) 
show that the intermediate time regime starts earlier and ends later at higher 
concentrations because a higher concentration leads to smaller cages so that particles 
take less time to hit the neighbors and take more time to diffuse out of the cages. We 
define the start and end times of the intermediate regime as the point where the local 
slope deviates by 10% from the unit slope. The measured start and end times of the 
intermediate regime as a function of area fraction, φ, are shown in Figs. 6(a) and 6(b) 
respectively. Interestingly both times exhibit power-law relations to φ. Fig. 6(b) can 
be more quantitatively understood after being re-plotted in Fig. 6(c). Figure 6(c) 
shows that the start time, tb, has a power-law relation with the “mean free 
path”, L l a= − b , where l abπ φ= is the average center-to-center distance 
between neighboring ellipsoids, ab is the estimated size of the ellipsoid and L is 
the mean distance that particles diffuse before they collide with their neighbors. tb ~ 
0.75L in Fig. 6(c) can be understood from 2~ / Sbt L DT  where the short-time 
diffusion coefficient were measured to scale as 1.25~STD L  (see Fig. 6(d)). The 
measurement of is discussed in section D. These power-law relations are better 
satisfied at high concentrations where 
S
TD
L is comparable to the cage size.  
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Figure 3. (a) Translational MSDs along the long axes of ellipsoids in 2D suspensions 
with area fractionφ  = 0.044, 0.29, 0.49, 0.68. (b) Log-log plot of (a). The two solid 
lines with unit slope on each curve in (b) represent the diffusive motions in short- and 
long-time regimes.  The vertical dashed-dotted lines and dashed lines denote the start 
and end times of the intermediate subdiffusive regime respectively.  
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Figure 4. (a) Translational MSDs along the short axes of ellipsoids in 2D suspensions 
with area fraction φ  = 0.044, 0.29, 0.49, 0.68. (b) Log-log plot of (a). The two solid 
lines with unit slope on each curve in (b) represent the diffusive motions in short- and 
long-time regimes.  The vertical dashed-dotted lines and dashed lines denote the start 
and end times of the intermediate subdiffusive regime respectively.  
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Figure 5. (a) Rotational MSDs of ellipsoids in 2D suspensions with area fraction φ  = 
0.044, 0.29, 0.49, 0.68. (b) Log-log plot of (a). The two solid lines with unit slope on 
each curve in (b) represent the diffusive motions in short- and long-time regimes. The 
vertical dashed-dotted lines and dashed lines denote the start and end times of the 
intermediate subdiffusive regime respectively.  
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Figure 6. The end time (a) and the start time (b) of the subdiffusive regime at different 
concentrations. (c) The start time as a function of the “mean free path”, L . (d) The 
normalized short-time translational diffusion coefficient, , from Fig. 8 
in section D. The symbols  and  denote translational motions along the long and 
the short axes respectively; The symbol  denotes rotational motions. 
( ) / (0)S ST TD Dφ
 
C. Long-time translational and rotational diffusion coefficients 
 
The long-time translational and rotational diffusion coefficients were obtained from 
the slopes of the corresponding MSDs. Figure 7 shows the normalized diffusion 
coefficient . All ratios decay from 1 at infinite dilution to less than 0.1 at ( ) / (0)LD Dφ
φ = 0.68. At low densities, the translational motions along the long axis are more 
easily caged than the translational motions along the short axis or the rotational 
motions. Consequently ||( ) / (0)
LD Dφ? decays more quickly than ( ) / (0)LD Dφ⊥ ⊥  and 
( ) / (0)LD Dθ θφ  as shown in Fig. 7. At high concentrations, ||( ) / (0)LD Dφ? and 
 have the same values, and is smaller. Hence the long-
time rotational diffusion is more strongly caged than the translational diffusion at high 
concentrations. 
( ) / (0)LD Dφ⊥ ⊥ ( ) / (0)LD Dθ θφ
( ) / ( )LT TD Dφ φ is between the ||( ) / (0)LD Dφ?  and ( ) / (0)LD Dφ⊥ ⊥ curves 
as expected. Although there is no theoretical or simulation results on 2D ellipsoid 
diffusion to compare with, our  have similar shapes as those in the 
simulation of 2D rods [35] except that our translational diffusion coefficient decays 
more rapidly in the dilute regime. This can be interpreted from the following two 
aspects: (1) Our ellipsoids have larger aspect ratio (p = 9) than the rods in ref. [35] (p 
= 6) so that the cage effect along the long axis is stronger at low concentrations. This 
, ,( ) / (0)
L
T TD Dθ θφ
behavior has also been found in the simulation of rods in 3D suspensions [36]. (2) The 
Brownian dynamics simulations neglect the hydrodynamic interactions which will 
slightly reduce the diffusion coefficients [36, 37]. Compared with the simulation 
results of rod diffusions in 3D [36], our decreases more slowly due to 
the presence of the bottom wall. The wall can be approximately regarded as dense 
ellipsoids, so that the whole area fraction range in 2D corresponds only to the 
intermediate volume fraction range in 3D. Consequently, for 
ellipsoids in 2D changes less dramatically than that for rods in 3D. 
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L
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, ,( ) / (0)
L
T TD Dθ θφ
0.0 0.2 0.4 0.6 0.8
0.2
0.4
0.6
0.8
1.0
 
D
L (
φ) 
/ D
 (0
)
φ
 DT
 Dθ
 D||
 D⊥
  
Figure 7. The normalized long-time diffusion coefficients decrease with 
the area fraction φ. The symbol  represents
( ) / (0)LD Dφ
||( ) / (0)
LD Dφ? ; The symbol  represents 
( ) / (0)LD Dφ⊥ ⊥ ; The symbol  represents ( ) / (0)LT TD Dφ in the lab frame; The symbol  
 represents ( ) / (0)LD Dθ θφ . D(0) is the diffusion coefficient at the infinite dilute limit. 
The solid curves are the 3rd-order polynomial fits to ( ) / (0)LT TD Dφ and ( ) / (0)LD Dθ θφ . 
The dashed lines show the first-order linear terms in the polynomials. 
 
The concentration dependence of the diffusion coefficient is often empirically 
expressed by a polynomial because the analytic form is not available. The diffusion of 
colloidal spheres follows the Batchelor’s formulae: 2( ) / (0) 1 2.1 ( )LT TD D Oφ φ φ= − +  
at long-time limit [38] and 2( ) / (0) 1 1.83 ( )ST TD D Oφ φ φ= − +  at short-time limit [39] 
in 3D suspensions. In 2D suspensions, the theoretical prediction is 
2( ) / (0) 1 2 ( )LT TD D Oφ φ φ= − +  for hard disks at the long-time limit [40]. In 
experiment,  for a colloidal monolayer of hard spheres has been ( ) / (0)S ST TD Dφ
measured by the evanescent wave dynamic light scattering [28]; it decays more 
slowly than that of a 3D suspension because the presence of the wall largely screen 
out particles’ hydrodynamic interaction and weaken the drag force of neighbors. Our 
measured diffusion coefficients in Fig. 7 can be well fitted by 3rd-order polynomials: 
, , , 2
1 2 3( ) / (0) 1
L S L S L S L S
T T T T TD D
, 3φ α φ α φ α φ= + + +  ,                                                           (7a) 
, , ,
1 2 3( ) / (0) 1
L S L S L S L SD Dθ θ θ θ θ
2 , 3φ α φ α φ α φ= + + + .                                                            (7b) 
The superscript S represents the short-time diffusions shown in Fig. 8 in the next 
section. The fitting coefficients are listed in Table 1. The first-order and the second-
order coefficients have opposite signs for both long-time translational and rotational 
diffusions, which agrees with the behavior of hard rods observed in the simulation in 
ref. [36] (see Table 1). The coefficients of hard rods in 2D in Table 1 were 
extrapolated from the simulation results of p > 6 ellipsoids in ref. [36]. The 
of ellipsoids decays more quickly than that of spheres in ref. [40]. This 
is consistent with the rod diffusions in 3D where the first-order coefficient decreases 
with aspect ratio p [36].   
( ) / (0)L LT TD Dφ
 
Table 1. The polynomial fitting coefficients of  and  in 
Eq. (7). The fitting curves are shown in Fig. 7 and Fig. 8. Columns 2 to 5: coefficients 
for our ellipsoids with p = 9 in 2D. Columns 6 and 7: coefficients for rods with p = 9 
in the 2D simulation [36]. Column 8: theoretical first-order coefficients 
, ( ) / (0)L ST TD Dφ , ( ) / (0)L SD Dθ θφ
210 1
32 532 ( 1) ( 1p pα = − − − − − )  for rods with p = 9 in 3D [41].
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order 
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L
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S
Tα   
(ellipsoid) 
S
θα  
(ellipsoid) 
L
Tα   
(rod [36]) 
L
θα    
(rod [36]) 
L
Tα    
(rod [41]) 
1 -3.74 ± 0.2 
-2.06 
± 0.1 
-2.1 
± 0.1 
-0.94 
± 0.05 -8.51 -3.03 -5.71 
2 6.50 ± 0.4 
0.68 
± 0.03 
2.4 
± 0.2 
-0.915 
± 0.07 24.30 39.45  
3 -4.32 ± 0.4 
0.40 
± 0.03 
-1.54 
± 0.15 
0.65 
± 0.06 -21.08 -100.8  
 
The extrapolations in Fig. 7 show that the long-time translational motions are 
completely caged near φ = 0.77, which is very close to the lower limit of 0.76 for p = 
6 ellipsoids in 2D [34] and 0.78 for p = 6 rods in 2D [33] at the liquid-solid transition. 
In contrast, the rotational diffusions in Fig. 7 are completely caged at the lower 
concentration of φ = 0.73. The long-time translational motions caged before rotational 
motions have also been observed in the simulations of rods in 2D [35] and in 3D [36]. 
At φ = 0.68, all ellipsoids in one domain collectively rotated very slowly at about 1 
rad/hour, and some ellipsoids could diffuse out of the domains. We also qualitatively 
observed a higher concentration at φ ~ 0.74 from the video, where ellipsoids could 
still diffuse out of cages, but the collective rotations of the domains were frozen. 
 
D. Short-time translational and rotational diffusion coefficients 
 
The short-time diffusions are mainly affected by the complex hydrodynamic 
interactions between particles. The measurements of short-time diffusions of 
anisotropic particles are rather limited. Maeda et al. have reported the short-time 
diffusions of rods in the bottom layers of concentrated 3D samples [42]. Here we 
measured the short-time diffusions in monolayers of ellipsoids (see Fig. 8). Their 
concentration dependence is similar to the long-time diffusion coefficients shown in 
Fig. 7, but with higher values because the cage effect mainly reduces long-time 
diffusions. ||( ) / (0)
SD Dφ? in Fig. 8 decays more rapidly than ( ) / (0)SD Dφ⊥ ⊥  and 
( ) / (0)SD Dθ θφ  at low area fraction because the translational motions along the long 
axis is more easily caged than the translational motions along short axis or the 
rotational motions. The polynomial fitting coefficients are listed in Table.1. 
( ) / (0)ST TD Dφ  for our ellipsoids decays faster than that for a monolayer of spheres 
near one wall ( 1 1.4Tα > − ) [28]. 
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Figure 8. The normalized short-time diffusion coefficient decreases with 
the area fraction φ. The symbol  represents
( ) / (0)SD Dφ
||( ) / (0)
SD Dφ? ; The symbol  
represents ( ) / (0)SD Dφ⊥ ⊥ ; The symbol  represents ( ) / (0)ST TD Dφ in the lab frame; 
The symbol  represents ( ) / (0)SD Dθ θφ . D(0) is the corresponding diffusion 
coefficient at the infinite dilute limit. The solid curves are the 3rd-order polynomial 
fits to ( ) / (0)ST TD Dφ and ( ) / (0)SD Dθ θφ . The dashed lines show the first-order linear 
terms in the polynomials.  
 
E. Diffusion anisotropy 
 
The anisotropic particle shape leads to the anisotropic drag coefficient and anisotropic 
diffusions. For an ellipsoid, the diffusion anisotropy can be characterized by the ratio 
of the diffusion coefficients along the long and the short axes (see Fig. 9).  
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Figure 9. The diffusion anisotropy ( ) / ( )D Dφ φ⊥? at (a) short-time limit; (b) long-time 
limit. The solid curves are guide for eyes.  
 
At both short- and long-time limits, the ratios exhibit minima at φ ~ 0.3. This indicates 
that the motion along the long axis is more caged at φ < 0.3, while the motion along 
the short axis becomes more and more caged at φ > 0.3. Fig. 1(a) shows the 
configuration of ellipsoids at φ ≈ 0.3. When φ > 0.6, the local nematic structures 
provide additional anisotropy so that the ratios are larger than two, which breaks the 
upper bound of D||(0)/D⊥(0) = 2 in 3D, see Eq. (8)  derived from Eqs. (1-3) at p → ∞ 
limit [23]: 
ln
2
Bk T pD
aπη=?  ,                                                                                                           (8a) 
ln
4
Bk T pD
aπη⊥ =  .                                                                                                          (8b) 
 
At the dilute limit, we measured D||(0) = 0.079 µm2/s, D⊥(0) = 0.043 µm2/s and Dθ(0) 
= 0.0033 rad2/s by averaging the diffusion coefficients of 15 isolated ellipsoids with 
neighbor distance > 100a. According to Eqs. (1-3), the corresponding diffusion 
coefficients of the same-sized ellipsoid in the 3D dilute limit would be 0.149 µm2/s, 
0.104 µm2/s and 0.00625 rad2/s respectively. The measured 2D diffusion coefficients 
are about half of those values in 3D due to the friction exerted by the wall. The ratio 
D||(0)/D⊥(0) is raised from 1.43 in 3D to 1.84 in 2D, which indicates that the drag 
imposed by the wall is larger along the short axis than along the long axis. This wall-
induced diffusion anisotropy can be qualitatively explained as in the following. For a 
horizontal ellipsoid in 3D, the horizontal fluid flow along the short axis tends to go 
around from top and bottom with 2b displacement, while the flow along the long axis 
goes around the ellipsoid by 2b displacement from top, bottom left and right. Adding 
a bottom wall will largely block the pathway at the bottom so that D⊥ is affected by 
~50% while D|| is only affected by ~25%. This effect can induce a stronger diffusion 
anisotropy for ellipsoids confined between two walls as reported in ref. [14]. 
 
F. Effective diffusion coefficients 
 
The nonlinear MSDs in Figs. 3-5 can be re-plotted as linear functions as shown in 
Figs. 10 and 11. Their y axes are the effective translational and rotational diffusion 
coefficients defined as , which is slightly different from the 
diffusion coefficient . The effective diffusion coefficient is 
directly related to the relaxation function
( ) / (2 )D t MSD t=?
( ) / (2 )D t MSD t= ∆ ∆
( ) Lt D Dµ = −  which is the difference 
between the self-diffusion coefficient D and its dominating term LD . For 2D hard 
disks, ( )tµ is found to decay according to 1/t during H Dtτ τ< < by solving the 
Smoluchowski equation [40]. For micrometer-sized particles,
 
~ msHτ  is the time 
after which the hydrodynamic effects become important and ~ sDτ  is the time for a 
particle to diffuse a hydrodynamic screening length [40, 43]. The time integration of 
( )tµ leads to [44] 
0
/ 2 ( ') ' ( ) ln( / ) (1)
tL L S L
L MMSD D t t dt D t D D t oµ τ= + ≈ + − +∫ τ ,                              (9) 
where Lτ and Mτ are the long- and medium-scale time constants respectively and 
depend on the nature of interactions and concentrations [43-45]; and is the short-
time self-diffusion coefficient. The logarithm term in Eq. (9) reflects the fact that the 
asymptotic value of the diffusion coefficient is reached very slowly. Eq. (10) indicates 
that the effective translational diffusion coefficient 
SD
( ) ( ) (ln( / )) / (1)L S L L MD t D D D t t oτ τ= + − +? ,                                                           (10) 
which decays linearly with (l  from the initial value  to the long-time 
asymptotic value
n ) /t t STD
L
TD  in 2D Brownian suspension. This relation for hard disks has 
been confirmed experimentally in monolayers of colloidal spheres [43, 45, 46]. Here 
we observed that Eq. (10) still holds for ellipsoids’ translational diffusions along both 
long and short axes and rotational diffusions at all concentrations (see Figs. 10 and 11) 
This suggests that the diffusion of ellipsoids along the long and short axes is 
dominated by binary collisions and that the mode coupling effect is weak at  φ < 0.68 
[46]. 
 
 
Figure 10. The effective translational diffusion coefficient  verses (ln(t/τ( )D t? M))/t at 
different area fractions (a) φ = 0.044, (b) 0.29, (c) 0.49 and (d) 0.68. The time ranges 
from 5 s to 600 s. The symbols  and  denote translation diffusions along the long 
and short axes respectively. The solid lines are linear fits. The corresponding τM’s 
fitted from Eq. (10) are listed in Table 2. 
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Figure 11. Th effective rotational diffusion coefficient  verses (ln(t/τM))/t at 
different area fractions (a) φ = 0.044, (b) 0.29, (c) 0.49 and (d) 0.68. The time ranges 
from 5 s to 600 s. The solid lines are linear fits. The corresponding τMθ’s fitted from 
Eq. (10) are listed in Table 2. 
 
The values
e ( )D t?
, , ( )
LD tθ⊥? and , ,
SD θ⊥? were directly measured from the slopes of the MSD(t) 
nd shown in Figs. 7 and 8. Gia ven , , ( )
LD tθ⊥? and , ,
SD θ⊥? , Lτ and Mτ can be fitted from Eq. 
(10). Their values are listed in Table 2. For each degree of freedom, Mτ  is almo
constant while L
st a 
τ  decreases with the area fraction. These behaviors of Lτ and Mτ have
also been observed in the diffusion of colloidal spheres [45]. 
 
 
able 2. The fitted values of the time constants T Lτ and Mτ from Eq. (10) for 
l motions along ttranslationa he long (||) and short (⊥) axes and for rotational motions 
(θ). 
φ  Lτ ? (s) Lτ ⊥ (s) Lθτ (s) Mτ ? (s) Mτ ⊥ (s) Mθτ (s)
0.044 8.7 12 7.3 2.0 2.2 1.8 
0.29 6.9 7.8 4.5 1.9 2.1 1.6 
0.49 6.2 6.2 4.1 1.9 2.1 1.7 
0.68 4.8 4.9 3.4 2.2 2.0 1.6 
 
 
The drag coefficients 
G. Anisotropic to isotropic diffusion 
 
γ|| and γ⊥ in the body frame are constant, but γx and γy in the lab 
fram on which changes with time. Consequently 
s al m n al he x  direction in the lab frame is coupled with the 
0.0 0.1 0.2
0.0002
0.0003
0.0004
0.0005
(ln(t/τMθ))/t (s-1)
(d)(c) 
(ln( / )) /Mt tθτ (s-1)
e depends on the ellipsoid’s orientati
the tran lation otio ong t  or y
r na tion ]. S  translation-rotation coupling introduces substantial 
c ca  in angevin or the Fokk lanck equation. These complications 
re frequently circumvented by assuming that the initial anisotropic diffusion lasts 
nly for very short times and then the isotropic diffusion will be recovered at practical 
sient from anisotropic to isotropic diffusion 
icrometer-sized particle is about a few seconds which corresponds to the 
otatio l mo  [13 uch
ompli tions the L er-P
a
o
time scales. Ref. [13] showed that the tran
of a m
angular diffusion time 1/ (2 )LDθ θτ =  for an ellipsoid to diffuse 1 rad. At longer times, 
the orientational angle becomes random and the translational drag coefficient 
becomes a constant after averaging over all angles. Consequently the translational 
motion is decoupled from the rotational motion at t ? τθ  and the ellipsoid can be 
treated as a sphere. Here we measured the crossover from the initial anisotropic 
diffusion to the long-time isotropic diffusion caused by the translation-rotation 
coupling. The x axis in the lab frame is defined as the initial orientation of the 
ellipsoid. The diffusion coefficient along the x and y directions are 
2( ) ( ) / (2 )xxD t x t t= ∆ and 2( ) ( ) / (2 )y t t∆ , respectively. The diffusion is 
anisotropic ( ( ) ( )xx yyD t D t> ) at t < τ
yyD t =
θ and becomes isotropic ( ( ) ( )xx yyD t D t= ) at 
t? τθ when directional memory is washed out. The crossover has been measured in 
the experiment of single ellipsoid in 2D [13] and in the simulation of concentrated 
rods in 2D [47].  Here we measured ( )xxD t and ( )yyD t  normalized by ( ) /iiD D D− ∆ , 
where ( ) / 2L LD D D⊥= +? and ( ) / 2L LD D D⊥∆ = −?  (see Fig. 11). With such 
normalization, ( )xxD t  or ( )yyD t  should change from +1 or -1 to 0 at the dilute limit 
[13]. In Fig. 11 φ  = 0.01, s from +1 or -1 to 0 at the time 
scale τ
( )xxD t  or cha
 a es with 
( )yyD t  nge
θ which the single ellipsoid measurement in ref. [13]. At higher 
concentrations, however, each curve in Fig. 12 changes dramatically at two time 
scales. The first time scale, τ
gre
θ, for φ  = 0.01, 0.15, 0.29 and 0.60 in Fig. 11 agrees well 
with the measured τθ = 150 s, 200 s, 300 s and 1500 s from the  corresponding
rotational MSDs in Fig. 7. Forφ  = 0.60, our experimental time was not long enough 
opic diffusion with good statistic
e
for us to observe the isotr s. The second time scale is 
at ~ 10 s which characterizes the time for ellipsoids to diffuse to their neighbors so 
that the diffusion coefficients would decr ase dramatically. This time scale agrees 
well with the start time of the intermediate nondiffusive time regime shown in Fig. 
6(a). The two decays in each Dxx(t) or Dyy(t) curve have also been observed in the 
simulation of rods at finite concent ations in 2D [47]. At t < 10 s, Dr xx increases while 
Dyy decreases when φ  changes from 0.29 to 0.60.  This stronger diffusion anisotropy 
at higher area fraction reflects the local nematic structures which provide highly 
anisotropic cages.  
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Figure 12. The normalized diffusion coefficients ( ) /xxD D D− ∆  (open symbols) and 
( ) /yyD D D− ∆  (solid symbols) in the lab frame. The x axis is chosen to be along the 
long axis of the initial position of each ellipsoid. The vertical dashed lines indicate the 
τθ for different densities. The τθ forφ  = 0.60 is beyond the time window.  
 
IV. Summary 
 
We have developed an algorithm to track ellipsoids in 2D with sub-pixel resolution. 
were measure
ranging from 0
t power-law 
e and short-time diffusion coefficients of 
al and rotational motions )
The ellipsoid diffusions in monolayers near a wall d at 11 area fractions 
.01 to 0.68. The translational and rotational motions are diffusive in the 
short-time and long-time regimes, and become sub-diffusive in the intermediate time 
regime. Both the start and end times of the intermediate regime exhibi
scaling to the area fraction. The long-tim
both translation , ( ,  ,  ,  L L S ST TD D D Dθ θ , were fitted by third-
rder polynomials of area fraction. As the area fraction increased from 0 to 0.3, the 
diffusion along the long axis decreased more quickly than the diffusion along the 
1 10 100 1000
-1
0
 t (s)
 
 
  Dxx  Dyy   φ
  0.01
  0.15
  0.29
  0.60
o
short axis or the rotational diffusion. This reflects the fact that the translational motion 
along the long axis is more easily caged. Hence, both long-time and short-time 
( ) / ( )D Dφ φ⊥?  reach the minima at the intermediate area fraction (~30%) where the 
motions are mainly caged along long axes, but not along short axes. The wall further 
enhances the diffusion anisotropy characterized by the ratio ( ) / ( )D Dφ φ⊥? . The 
coupling effect between translational and rota e 
anisotropic shape are responsible for the two observed time scales in the lab-frame 
diffusion coefficients, ( )xxD t and ( )yyD t . 
 
effective translational diffusion coefficient 
the mode coupling effect is weak [43-46]. Here we observed that this behavior still 
holds in 2D ellipsoid diffusions, including rotational and translational motions along 
the long and short axes for area fractions ranging from 0.01 to 0.68. This result 
suggests that the relaxation functions µ(t) of both the translational and rotational 
motions decay according to 1/t, which provides new challenges in theory. 
 
tional moti
 anisotropic to isotropic diffusion. The cage effect and a particle’s 
For the 2D su
is linearly related to (lnt)/t when the dif sions are dominated by binary collisions and 
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